Colloidal shear thickening fluids (STFs) have applications ranging from commercial use to those of interest to the army and law enforcement, and the oil industry. The theoretical understanding of the flow of these particulate suspensions has predominantly been focused through detailed particle simulations. While these simulations are able to accurately capture and predict the behavior of suspensions in simple flows, they are not tractable for more complex flows such as those occurring in applications. The model presented in this work, a modification of an earlier constitutive model by Stickel et al. J. Rheol. 2006, 50, 379-413, describes the evolution of a structure tensor, which is related to the particle mean free-path length. The model contains few adjustable parameters, includes nonlinear terms in the structure, and is able to predict the full range of rheological behavior including shear and extensional thickening (continuous and discontinuous). In order to demonstrate its capability for complex flow simulations, we compare the results of simulations of the model in a simple one-dimensional channel flow versus a full two-dimensional simulation. Ultimately, the model presented is a continuum model shown to predict shear and extensional thickening, as observed in experiment, with a connection to the physical microstructure, and has the capability of helping understand the behavior of STFs in complex flows.
Introduction
Colloidal solutions consist of a liquid, Newtonian or viscoelastic, in which solid particles (with diameters ranging from 2 to 1000 nm) are suspended, so that the particles are large compared to the lengthscale of the fluid microstructure, but small enough to be affected by Brownian motion. At low concentrations, colloidal fluids are approximately Newtonian, however, with increasing concentrations they show complex rheological behavior including shear thinning or thickening and glass-like relaxation states. At these higher concentrations the complex rheological responses are due to hydrodynamic interactions between particles at high flow rates. The focus of this work is building towards to a continuum model that captures the shear thickening behavior.
Colloidal shear thickening fluids (STFs) have exciting applications ranging from commercial use (e.g., polymeric binders for paints) to those of interest to the army and law enforcement (e.g., soft body armor) and more [1] . For example, it has been shown experimentally through ballistics tests [2] and "stabbing" tests [3] that, in the application to body armor [4] , the frequency response of certain shear thickening fluids (STFs) allows a fabric interwoven with an STF to stop a projectile or prevent the piercing of a knife while also being light and flexible enough to provide full body protection. These fluids also have a possible use in the oil recovery industry. A novel microfluidic device has recently been developed to simulate flow through a sandstone core similar to that which would occur during chemical injection [5] . In this work, a series of experiments were devised to investigate the efficiency of several different liquid materials on their ability to remove oil from capillaries and pores. Using water as the baseline, they investigated how different rheological properties affect oil recovery. In particular, it was shown that shear thickening fluids show great promise for enhanced oil recovery in the future [5] .
A key feature of the flows in these applications is a mixture of shear and extensional kinematics. Although the shear rheology of thickening suspensions are well understood, the extensional rheology of these suspensions remains mostly unexplored. Only a very limited number of experimental studies have investigated the response of shear thickening suspensions to extensional flows [6] [7] [8] [9] [10] [11] . Two of these studies [6, 7] focused on measuring the steady state extensional response of shear thickening suspensions. In both cases, the steady state extensional viscosity as a function of extension rate shows sharp extensional thickening transition very similar to shear flows. In [6] , they confirmed by small-angle light scattering measurements in a hyperbolic contraction that the increase in viscosity is likely due to the formation of strings and clusters ordered in the flow direction, which is one possible mechanism responsible for the shear thickening response. A more recent, and now widely accepted key ingredient for these responses, in particular for discontinuous shear thickening, is stress-induced frictional contacts between particles [12, 13] , which has been recently simulated under extensional flow using particle dynamics [14] .
A key challenge of suspension mechanics is the generation of a constitutive model that can be used for complex flows [5, [15] [16] [17] , which are not practical using detailed particle simulations [4, 13, [18] [19] [20] [21] [22] [23] . Such a constitutive model would need to take into account the underlying mechanisms of shear and extensional thickening, as well as the construction and destruction of microstructure by flow [24] . To tackle this challenge, recent work has focused on developing constitutive models that describe the evolution of the microstructure of particle suspensions coupled with general equations for fluid flow [25] [26] [27] [28] [29] [30] [31] [32] [33] In early models [25] [26] [27] [28] , particle stress is made explicitly dependent on the microstructure through the consideration of a local conformation tensor that is inspired from the orientation distribution tensor defined for dilute fiber suspensions [34] . Hand [35] formulated a general representation theorem for the total Cauchy stress tensor in terms of the conformation tensor and the deformation rate tensor. Barthés-Biesel and Acrivos [36] show that Hand's approach is applicable for a number of different suspension types as long as a suitable microstructure tensor is available. For concentrated suspensions of spherical particles, Phan-Thien [25] proposed a differential constitutive equation for the conformation tensor based upon the unit vector joining two neighboring particles, thereby encoding a direct connection with the pair distribution function. Later, Phan-Thien et al. [26] went further with a micro-macro model inspired from statistical mechanics for the constitutive equation of the conformation tensor, but no quantitative comparisons were obtained. In 2006, Goddard [28] revisited this approach, and proposed a model involving 12 material parameters and two tensors for describing the anisotropy. Stickel et al. [27, 37, 38] defined the conformation tensor on the base of a directionally-dependent particle mean free path, and simplified the expression of the stress to be linear in the deformation rate and the conformation tensor, involving 13 free parameters. All of the tensorial models are, by construction, frame-invariant and potentially applicable to arbitrary flow geometries and conditions. One downside to these models is that they contain ad hoc terms and require the tuning of associated fit parameters with little physical meaning. As a result they provide limited insight into the dynamics of the microstructure and the link with the suspension stress, furthermore Chacko et al. [39] showed that these types of model fail to properly describe the dynamics of the fabric tensor under shear reversal. They attributed this to the fact that, while a second-rank tensor captures reasonably well the microstructure in steady flows, it gives a poor description during significant parts of the microstructural evolution following shear reversal. Other purely macroscopic continuum models have been developed that describe the evolution of the volume fraction, φ, of particles under flow with phenomenological descriptions of the stresses and viscosity as a function of φ [12, 30, 32, [40] [41] [42] . While these models do not account, explicitly, for the microstructure, they could, coupled with a model describing the microstructure, help serve as the basis of a two-fluid model, e.g., [38] .
More recent theories have focused on deriving constitutive models that reduce the number of free parameters and provide a more direct connection with the microstructure of non-colloidal suspensions [31, 33] . Ozenda et al. [31] proposed a new, minimal tensorial model representing the role of microstructure on the viscosity of non-colloidal suspensions of rigid particles. Their model qualitatively reproduces several of the main rheological trends exhibited by concentrated suspensions: anisotropic and fore-aft asymmetric microstructure in simple shear and transient relaxation of the microstructure toward its stationary state. The model contains only a few model parameters, which have physical meaning, and can be identified from comparisons with experimental data. Gillissen and Wilson [33] developed a model for the microstructure and the stress of dense suspensions of non-Brownian, perfectly smooth spheres. These quantities are defined in terms of the second-order moment of the distribution function of the orientation unit vector between hydrodynamically interacting particles. The model is developed from first principles, and the evolution equation for the microstructure contains a source term that accounts for the association and the dissociation of interacting particle pairs.
All of these models have focused primarily on non-colloidal solutions, and have yet to capture the strong shear and extensional thickening behavior observed in many particulate suspensions. The goal of this paper is therefore to provide a continuum-level constitutive equation for the stress in colloidal suspensions that explicitly accounts for the evolution of its microstructure during flow. Unlike the most recent models, the focus of this work is on colloidal solutions that exhibit nonlinear rheological behavior, in particular shear thickening. We have modified the constitutive model developed by Stickel et al. [27] by including terms nonlinear in the structure while also greatly reducing the number of free parameters. By varying free parameters, the modified model can predict shear thinning, both continuous and discontinuous shear thickening under shear flow, and extensional thickening under planar extensional flow. We further provide a first insight into the simulation capabilities of the model by conducting simulations in a straight channel and comparing a simple one-dimensional approximation with a more detailed, two-dimensional simulation. The agreement between the simulations, together with the model's ability to capture the nonlinear rheological signatures means that the model is suitable for capturing the response of such materials via simulations in complex geometries.
Materials and Methods

SPPC Model
In the Stickel-Phillips-Powell (SPP) [27] model, structure is defined in a suspension in terms of the average distance l m f (x) that a test particle can move in a direction denoted by the unit vectorx before colliding with another particle. A dimensionless structure function is then defined inversely proportional to this mean free-path length. Using a functional expansion with spherical harmonics as the basis set written in terms of a Cartesian tensor, the structure may be described as a spherical surface represented by a symmetric, second order tensor, Y. In equilibrium, the structure is in an isotropic state given by:
where φ is the volume fraction of particles and φ m is the maximum packing fraction. Under flow, the structure evolves according toY
is the corotational derivative representing the time derivative in a reference frame rotating with the local vorticity; the corotational derivative has been defended as an appropriate choice for particulate suspensions [35] . The strain rate and vorticity tensors are respectively given bẏ
General forms of the function on the right side of Equation (2) that satisfy the constraint of frame indifference are well known [43] and form the basis of, for example, the second-order fluid constitutive model. For hard-sphere suspensions of particles at low Reynolds number, a linear dependence on the rate of strain is expected because of the linearity of the Stokes equations. Under these assumptions, the equation governing the structure in the SPP model is given by:
In the interest of simplicity, terms nonlinear in the structure tensor Y are also neglected, i.e., α 4 =α 7 = 0. As noted in the original paper [27] , keeping these terms permits the existence of multiple steady-state structures for a given rate of deformation that may allow for stick-slip behavior or sudden jamming.
In order to generate a model with less adjustable parameters, while including terms nonlinear in the structure, that will allow for predictions of strong shear thinning and thickening, the following modification of the SPP model, called here the SPPC model, is proposed:
whereγ = √ 2γ :γ is the magnitude of the strain rate tensor. In order to directly relate back to the SPP model, we have kept the names of the constant coefficients the same. On the right hand side (RHS) of the modified equation, we have eliminated several constants, and the first three terms are similar to the original model formulation. For the first term on the RHS, we have simplified the relaxation of the material back to its isotropic state by eliminating the parameters c 1 , c 2 , c 4 in the SPP model. The term linear to the strain rate in the SPP model does not play a significant role in the development of nonlinear rheological behavior, thus we have neglected this term (c 5 = c 6 = 0). The terms proportional to c 8 and c 9 were included in the original model formulation, but ultimately neglected in subsequent analysis for simplification reasons. The simplified, original SPP model can predict a slight shear thickening behavior [27] , however, the linearity in the structure prevents the prediction of highly nonlinear rheological behavior, such as a strong shear thickening observed in many particulate suspensions. Similar nonlinear terms appear in a model constitutive model by Goddard [28] , but parameters were not tested showing shear thickening behavior. As we will show, incorporating these nonlinear terms allow for the capability to predict the complex rheological behavior of shear thickening colloidal solutions.
The SPP model accounts for structure rearrangement that occurs in the absence of flow, such as the relaxation of a Brownian suspension to an isotropic state following cessation of flow, and hydrodynamic diffusion, which is determined by the suspension structure and a diffusion coefficient determined by the local rate of deformation. It also accounts for rearrangements in the structure that are driven by the imposed flow. The function h contains information about long-range repulsive forces and Brownian diffusion. Thus far, the dependence of the function h on the Peclet number, Pe ∼γ, which contains information about Brownian motion driving the system towards equilibrium, has been neglected. Including this Pe dependence will allow for simulations to probe the complete transition from Brownian (slow flow) to hydrodynamic (fast flow) dominant, similar to the model of [42] . The function h should be inversely related to Peclet number, thus, as an addition to the original SPP model, we assume
The Peclet number describes the ratio of hydrodynamic to Brownian effects
and the dimensionless number * γ is the ratio of hydrodynamic to repulsive forces
where S and F are material parameters having units of time. Here a is the particle radius, and F 0 is the characteristic magnitude of the repulsive interaction force. The exponent −1/8 in Equation (8) is the same choice made in the prior work [27, 37] , which was chosen empirically to match particle simulations and to limit the effect ofγ 1 to a weak singularity in their expression for the stress:
In order to simplify the model further and make it more amenable to complex flow simulations, one major assumption we have made is the stress in the material is a function solely of the structure, i.e., the stress relaxes instantaneously to the local structure of the suspension:
In this formulation, in order to eliminate to direct dependence of the stress on the shear rate, the parameters k 1 , k 4 have units of inverse time. The dependence of the stress on the shear rate comes indirectly through its relationship with the microstructure. The simplification of the stress expression eliminates the singularity in the original SPP model, thus, we could in principle choose any exponent in Equation (8) ; at this point, we follow the original model.
Results
SAOS
Ultimately, we have reduced the model to six parameters: c 3 , c 7 , c 8 , c 9 , k 1 , k 4 . While several of these are adjustable, some can be defined from experiment, e.g., small amplitude oscillatory shear. Let γ = γ 0 sin ωt thusγ = γ 0 ω cos ωt. For γ 0 1, let Y = Y 0 + Y 1 sin ωt + Y 2 cos ωt, where Y 0 = 3 f (φ)I is the equilibrium structure. Plugging in we find:
which gives:
In Figure 1 , we plot an example prediction of the storage, G , and loss, G , moduli predicted by the modified model. The interesting thing to note is that G is always larger than G , which has been observed in experiment [44] , indicating the colloidal dispersion depicts a sol-like behavior consisting of distinct non-flocculated units. The same experiment showed that throughout the frequency range the plot of loss modulus is nearly linear, qualitatively similar to the predictions of the SPPC model. In the SPPC model, G plateaus at high frequencies: as ω → ∞, G ∼ 6η S f (φ)k 4 c 7 S 2 γ 0 and G ∼ 2η S γ 0 ω, i.e., constant and linear at high shear rates, respectively. In the experiment, however, the storage modulus curves upward at high frequency showing that at higher frequencies the material storage capacity increases. While the SPPC model does not predict the behavior of G and G over the full range of frequencies, that it captures many of the dominant features suggests that it could be useful under nonlinear conditions. Because the model predicts some experimental behavior, there are several features we can state about the model parameters. In particular, if we neglect the c 9 term, which we will do throughout much of this paper, it may be possible to extract k 4 and c 7 from experimental SAOS data. Neglecting c 9 , the model, in essence, only has three adjustable parameters, now on the same order as the model by [31] . 
Non-Linear Rheology
The primary goal of this paper is to present a model that can capture the nonlinear rheological behavior of shear thickening colloidal dispersions. In the following we consider two flows: simple shear flow and planar extensional flow. We assume linear velocity profiles v = (γy, 0, 0) and v = (˙ x, −˙ y, 0), respectively, and the resulting system of ordinary differential equations describing Y are solved in time using the Matlab solver ode45 (Version r2016b, MathWorks, Natick, MA, USA). In the following, we investigate the role of individual parameters in the prediction of nonlinear rheological behavior, in particular to show the full range of the model's predictive capabilities. The base set of parameters, S = 10 −1 , F = 10, c 3 = −23.5, c 7 = −0.47, c 8 = 10 −4 , c 9 = 0, η S = 1, f (φ) = 1.0957, k 1 = −10 3 , k 4 = −1, are chosen to align with the SPP model (c 3 , c 7 ), and to predict desired qualitative trends, namely shear and extensional thickening, and negative second normal stress difference.
Simple Shear Flow
By varying the adjustable parameters, the model is capable of predicting the full range of shear rheological behavior, including shear thinning and shear thickening of various degrees, Figure 2 . The results for c 9 = 0 in Figure 2a -c show a continuous shear thickening (CST) behavior, as observed in experiments, e.g., [45] [46] [47] ). Additionally, at high shear rates, the model predicts a maximum in the viscosity followed by shear thinning behavior [48] . By varying model parameters, the degree and onset of the shear thickening can be controlled. Varying c 8 , the coefficient of the Y 2 term in the SPPC model, the degree of thickening is decreased until eventually predicting shear thinning. Increasing S corresponds to decreasing the contribution of Brownian forces relative to hydrodynamic forces (note that S → ∞ in the original SPP model), and the model predicts that the onset of thickening, a hydrodynamic response, decreases while also decreasing the ratio between the maximum and zero-shear viscosities. Decreasing F corresponds to increasing the repulsive force magnitude relative to hydrodynamic forces, and, as a result, the SPPC model predicts an initial shear thinning prior to the onset of shear thickening for F 1. Including c 9 = 0 can lead to drastically different predictions, namely a jump in the shear viscosity, i.e., discontinuous shear thickening (DST). This additional feature of the model will allow us the ability to predict and analyze the differences between CST and DST under different flow conditions, while providing motivation for future developments of continuum models for particulate suspensions that incorporate a physical mechanism underlying DST. In Figure 3 , we plot the first and second normal stress differences, N 1 , N 2 , for the same sets of parameters. The SPPC models predicts
The latter prediction is consistent with experiments and particle simulations [45] . The sign of N 1 is still less well understood [45, 47] . Recently, it has been shown that a positive value of N 1 is expected for highly dense suspensions, which exhibits a discontinuous shear thickening (DST) behavior, while a negative value of N 1 is expected for CST [13, 45, 47] . In theories and simulations where some limiting degree of Brownian motion and/or interparticle repulsion has been included, N 1 is still found to be negative [49, 50] . The results are in line with the available experiments, except that the two normal stress differences are predicted to be approximately equal. Simulations that incorporate friction indicate that this can reduce |N 1 | with respect to |N 2 | [50] . More recent simulations have found that these frictional forces for dense suspensions leads to a positive value of N 1 [13, 23] . The SPPC model is designed for dense colloidal suspensions, thus a positive value of N 1 is expected; a more complex relationship between stress, structure and strain rate could lead to varying signs of N 1 , however, this would lead to more parameters, and it is potentially less suitable for complex simulations. The macroscopic predictions are determined by the evolution of the microstructure described by the SPPC model. The values of the structure tensor ultimately describe the evolution of a spherical surface determined by the proximity of neighboring particles, in particular, larger values of Y along the diagonal correspond to a larger degree of clustering of particles. The off-diagonal components correspond to a rotation of the cluster. In order to relate the shear thinning and thickening behavior to the microstructure, in Figure 4 we plot the functions Z 1 = Y 11 − Y 22 and Z 2 = Y 22 − Y 33 , which are the normal structure differences. The negative and positive values of Z 1 and Z 2 , respectively, show that Y 22 is the largest component of the normal structure components, which indicates that the thickening is due the clustering of particles perpendicular to the flow. The increased difference between Z 1 and Z 2 due to the large increase in Z 2 for the DST result, Figure 4d , suggests that the jump in the viscosity is due to a larger degree of clustering of the particles. 
Planar Extensional Flow
In agreement with limited experiments in extensional flow [6, 7] , the SPPC predicts that shear thickening fluids also exhibit a strong extensional thickening behavior, Figure 5 . Furthermore, the extensional thickening occurs at lower rates than those corresponding to shear thickening, as also observed in the same experiments [6, 7] . Just as in the case with the shear flow, the extensional thickening is due to the clustering of particles perpendicular to the flow direction, as indicated by a negative value of Z 1 (the magnitude of Z 1 is plotted in Figure 6 ). The trends predicted by the SPPC model for varying parameters are the same as the above for the shear flow. 
Results for Steady Poiseuille Flow
The primary goal of this work is to provide a constitutive model that describes the microstructure of a colloidal solution and its shear thickening behavior, and is suitable for complex flow simulations. In order to first test the model and the numerical solver, in this work we simulate the flow of an STF through a straight channel. Two scenarios are considered: (1) a one-dimensional (1D) assumption, in which we assume the flow moves in the x-direction but only varies in the gradient direction, y, and (2) a full two-dimensional (2D) simulation, for which the profiles across the gap in the fully-developed flow should match with the 1D predictions. There is very limited data on this flow scenario, thus, as an additional benchmark, we check our velocity predictions against one particular set of experimental data [51] .
One-Dimensional
We consider a straight channel of length L and rectangular cross-section of width W and height 2H. We assume the channel is long enough that entrance and exit effects are negligible and we assume that p, x = − ∆p L , where ∆p = p 0 − p L is the pressure drop. The height of the channel is 2H where −H ≤ y ≤ H and we neglect variations in the z-direction. Under these assumptions the velocity, in the positive x-direction, has the form v = (u(y), 0, 0) and satisfies conservation of mass, ∇ · v = 0.
We assume inertialess flow, and the resulting momentum balance becomes
where P = ∆p L . Note that integration of the momentum equation across the channel gives −P y = τ xy , or at the wall P y = τ xy | y=±H where τ is the total stress so τ xy = Π xy + η S u ,y . Thus the total shear stress is linear and monotone across the channel. The applied pressure is directly related to the wall shear stress ±P H = τ xy | wall .
In this 1D channel flow, the equations form a system of coupled, nonlinear partial differential equations to be solved using appropriate initial conditions and boundary conditions. We impose the no slip boundary conditions at the walls, u | y=±H = 0. The method of lines is used to solve the time-dependent system where first the spatial dimension is discretized, in this case using a second order central finite difference scheme, and the resulting differential-algebraic system of equations is then marched forward in time until steady-state is achieved. The discretized system is marched forward in time using the Matlab solver ode15s.
In Figure 7a ,b we plot the velocity and viscosity across the gap for a single set of shear thickening parameters. We find the expected triangular velocity profile associated with a viscosity that increases from the center to wall, opposite of what occurs for the typical shear thinning materials. As expected, for a given a pressure drop, the shear thickening reduces the flow rate compared to constant and shear thinning viscosity simulations. This behavior is clearly seen in Figure 8 , which plots the computed volumetric flow rate, Q = −H −H udy, against the imposed pressure drop. As expected, as the degree of thickening increases, it becomes more difficult for the more viscous fluid to flow, thus reducing the flow throughput. 
Two-Dimensional
For two and higher dimensional flows, the governing equations are solved using then numerical solver viscoelasticFluidFoam [52] , which can be found in the extended version of OpenFOAM R (version 3.0). The viscoelasticFluidFoam solver solves the governing equations sequentially in a segregated manner, where the momentum equation is solved first, followed by the pressure-correction equation, and finally the constitutive equations. It uses the Finite Volume Method (FVM) to discretize and solve all governing equations of the particular problem. For those terms involving divergence operators, the volume integral is converted to a surface integral over the control volume surfaces by applying the Gauss' theorem. The convection terms are discretized using the limited linear differencing scheme, which is based on the Sweby scheme [53] . The remaining terms are discretized using the central differencing scheme (CDS). The resulting system of equations is solved by iterative matrix solvers, including the conjugate gradient method for the pressure-correction equation and the biconjugate gradient method for all other equations. The pressure-velocity coupling is ensured using the Pressure-Implicit Split Operator (PISO) algorithm [54] . The equations are solved in time using the built-in "Euler" scheme, which is first-order accurate. Finally, the improved both sides diffusion method [55] is implemented to stabilize the calculations.
At the inlets we impose uniform conditions on the velocity and structure, and a zero gradient condition on the pressure (and vice versa at the outlets). We use a 10:1 length:width ratio, which is sufficiently large to allow for fully-developed flow prior to reaching the outlet. Along the solid walls, the boundary conditions imposed include the no slip boundary condition on the velocity:
We use the zero gradient boundary condition on the conformation tensor at the walls, consistent with the original solver benchmark calculations [52] :
In Figure 9 we show the contour plot of the fully-developed velocity magnitude. Here we see the more triangular shaped velocity profile, expected for shear thickening fluids [51] . Associated with this velocity profile is a viscosity profile in which the viscosity is smallest in the center and increases towards the wall, Figure 10 , unlike the typical behavior of constant and shear thinning materials. The important question is whether the 1D and 2D predictions coincide. In Figure 7 we plot the velocity and viscosity across the gap (for the 2D simulation we choose a location far enough downstream such that the flow is fully developed). The main differences between the one and two dimensional flows are that the former is pressure-driven whereas the latter is flow-rate-driven, and the fact the used 2D solver requires boundary conditions [52] on the structure, yet none are imposed in the 1D flow. In order to attempt to match the data, we choose a single 1D simulation with P = 10 2 .
The computed flow rate is thus Q = 1.5133, which is used for the uniform velocity inlet condition in the 2D simulation. The agreement between the 1D and 2D do not perfectly overlap, however they are sufficiently close that we feel confident that the 2D simulations are predicting the expected behavior, thus proving a viable tool for future, more complex studies.
Discussion
The model presented in this paper, a modification of the SPP model [27] , is a contribution to the ongoing work for the development of constitutive models describing the flow of particulate suspensions. The model is still phenomenological in the sense that the form is dictated by tensor symmetries and invariances, and fit parameters are needed to match the model to experimental data, and little can be said about the physical meaning of these parameters. While the SPPC model is connected to particle physics based upon a spatially-dependent mean free-path length, there is still limited insight that can be derived into the dynamics of the microstructure and the link with the suspension stress. However, the advantage of the provided model is that it has very few free parameters and, due to the inclusion of nonlinear terms in the structure, has the capability of predicting the full range of nonlinear rheological behavior from shear thinning to both continuous and discontinuous shear thickening, and extensional thickening, the effects of which are predicted to be due to the clustering of particles. The model thus includes terms that may need to be considered in future first-principles modeling efforts in order to capture these unique features. Most importantly, having a continuum model that predicts shear and extensional thickening coupled to microstructural dynamics now means that we have the ability to conduct complex flow simulations that will help better understand the dynamics of shear thickening colloids under complex flow conditions [2, 5, [15] [16] [17] 56, 57] . 
